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Introduction
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Introduction

Quantum electrodynamics theory
@ gives almost complete description of atomic systems,

@ accounts for the electron self-energy and the vacuum
polarization,

@ goes beyond instantaneous Coulomb interaction between
electrons,

@ and suplemented by the Standard Model gives description
of the interaction at high energies
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(Incorrect) relativistic approach

o H= Z;<@i5i+ﬁim— ZT‘X> + 20
has continuum spectrum only
@ the ground state is a resonance with the finite width
@ no systematic implementation of QED corrections
@ no systematic implementation of finite nuclear mass effects

@ Solution: NRQED
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Foldy-Wouthuysen transformation

H=d-7+pm+eA+ " (ipa-E-px - B)

where 7 = B — e A. The Foldy-Wouthuysen (F.W.)
transformation S leads to a new Hamiltonian

Hew = eiS(H — Iat) e‘is
which does not couple upper and lower components of the

Dirac wave function up to a specified order in the 1/m
expansion, S = Sy +46S

S = —{M.ﬁ—

58 = —I{%i@’-é— o [@’-ﬁ;ﬂf-é]}
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Foldy-Wouthuysen transformation

The F.W. Hamiltonian is expanded in a power series in S
HFW = H+][iS; H—/@t]+ [/S [iS; H—id]]
[/S [iS;[iS; Hf/at]]]+ [/S [i(S;[iS;[iS; H—id]]]

and hlgher order terms in this expansion are being neglected.
As a result of these multiple commutations

-2 =4
_ o__¢ 2. B__"
Hey = 5m +eA 2m(1+l€)0 B e
e .
—5 5 (1+2r) [v E+6- (Ex7—7xE)
e 2 B b oaL R
+W{J B2 +#25-B+ k& [7r B7. - ¢d+7-07 B]}

The Foldy-Wouthuysen transformated Hamiltonian is a starting
point for derivation of relativistic effects in few electron systems.
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Breit-Pauli Hamiltonian

Since the one-particle Hamiltonian Hgy represents the
complete interaction of a charged particle with the
electromagnetic field, it allows one to obtain the few-electron,
Breit-Pauli Hamiltonian Hgp.

The derivation of electron-electron interactions is as follows. In
the nonrelativistic limit, the few electron Hamiltonian is

=2
p; Za o
Hy = e —. 1

’ z.az:<2m fa ) Y ()
This Hamiltonian determines the nonrelativistic equal-time
two-particle propagator. In quantum field theoretical approach
one is able to calculate various corrections to propagators,
which inverse leads to some effective Hamiltonian §H.



Breit-Pauli
[e]e]ele] Telelele)

Breit-Pauli Hamiltonian

The relativistic correction §H,p, to interaction between particles
a and b, is obtained from the one photon exchange amplitude

d*k
2

H — G k - )
(¢16Hap|#) e / (){<¢ E o — ko e >

@m*i
+(o o)}

where ¢ is an eigenstate of Hy, 74 is an electromagnetic current
operator for particle a, and G,,, is the photon propagator, for
convenience in the Coulomb gauge

1

ke HEOE

1

V(_Kye—iKTa
E¢—H0+kg+ie]a( )

a5t KT

]
4 p=v=0,
k2

Guv(K) = : (5,_ _ k,-k,-)
kg—E2+ie U H
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Breit-Pauli Hamiltonian

Since we aim here to derive only leading relativistic corrections
— assume nonretardation approximation, namely set kg = 0 in
the photon propagator G, (k) and j(k). The integration with
respect to ky after symmetrization ky < —ky, leads to

).

d®k

(015Hel) = & [ 255 Guu) (9|58 &7 1R

The Fourier transform of G(E) in the nonretardation
approximation

1
r?

G (F)—/dske (K) = 4r
N T A UAR )

The first term is responsible for the Coulomb interaction and the
second one for the magnetic interaction.
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Breit-Pauli Hamiltonian

The electromagnetic current operator j#(k) is defined as a
coefficient in front of e A, (k) in Hry. The 3° component

G-Kxp-— 8 ,

gives relativistic corrections of the form

s

8]
OHap = —W(1+2/€)53(fab)

+———(14+2K)(0p-Tap X Pp— Ga-Tap X Pa) .
4m2r§b( )(b ab X Pb alab pa)
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Breit-Pauli Hamiltonian

The jcomponent
— ﬁ I(1 + K}) o -
= — k
(k) - + T x K,
gives the following corrections:
a /60 i 2T«
SHon — — /<+ abab>pl_ 14 k)25 303 (rap
. H . j
+ a2 (1 + H)Z 0133% <5U -3 rél'lbzrab>
4m rs e
a — — — — — —
+Wz(1 + k) (G Tap X Pp — T - Tab X Pa)

ab
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Breit-Pauli Hamiltonian

The sum of Hgy for each electron, the electron-nucleus terms,
electric and magnetic electron-electron interactions forms the
generalized Breit-Pauli Hamiltonian Hgp

Hgp

Ha

Hab

> Ha+ > Hap

a>b
Pa Za Pa TZa 3 Za L I3 .
—_ - — = + 1+2k)6°(ra)+ —5 (1+2kK)Fa- & X
om s sm > m2 ( ) 6°(ra) 4m2( ) Ga rg Pa

« T 3 « 5 b
LI 20 ) — 5o (ot i) g
Iap m 2m Iap rab
2pa ol o i «
77”2 (1 +r)2Ga- 5p6° (rab)+—(1+ r)? —"’3 b (5” 3 ‘a ab) +—
3 m 4 m b ab ameryy

[2(1+'i)(5'a'7abXﬁb—ﬁb'FabXﬁa)+(1+2~)(5b'7ab><Pb—5a-7ab><Pa)]
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Two-body system

Pure recoil correction:

3 5
AE = M a{gd,oln<;>—8Inko(n,l)—15,0—7an

2 my mo
" S lmIn[ ) —m?In[ ==
m3 — mé '0[2 (u) 1 <u>”
where

B 2 1 1 1 1- 61

p denotes the reduced mass and In ky(n, /) is the Bethe
logarithm

QD
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Two-body system

Lets divide this correction into four parts
AE=E + Ey+ Es+ En
that depend on the magnitude of a photon momentum: E; is the

low, Ejp middle, Eg seagull (middle) and Ey high energy parts.

When the photon and particle momenta are small one can use
a nonrelativistic Hamiltonian:

(B - oAR)”  (Pe+ o)

(6%
H = _ =
2my + 2m2 r
e s 3
_ES1~B( )+F32 + /dkkalj)\ak’,\,

A=1,2

where k = |k|, 2 =41 q,
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Two-body system

and where
5 d’k : ,
A(r :/€ ar, e kT g elkT
" zrzr o (s )

This Hamiltonian is conventionally split into a noninteracting
part

=)
P 3
Ho:—+———+ /dkka agx,
2my  2mp Az;z k,A

and a interaction
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Two-body system

At the rest mass system (P = B, + o = 0) eigenstates of Hy
are solutions of Coulomb-Schrédinger equation with the
reduced mass 1/u=1/my +1/mo.

Corrections to energy could be obtained in the standard
perturbation theory. The exchange of the single transverse
photon gives

NE = — = (ol (B AR) - 8- B(R))

(52 AR) - & - B(Fg)) 16) + h.c.
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Two-body system

The photon degrees of freedom could be simple traced out,
leading to

e? d’k o KK
- _ ol —
AE mq Mo (27[')32/( ( k2 >

O U, 1 O U
<¢<P4 +1(81 % k)') e/ Eo—k—Hy (Plz —i(82 % k)’) e " 2g)
+h.c.

There are two characteristic energy scales for this transverse
photon: binding energy k ~ 1. a? and the inverse of Bohr radius

k ~ p«. One can split both scales by introducing a cut—off
parameter e.
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Two-body system

The low energy part E; is defined by k < e a.

2¢? cra Pk . 1 .
—__== h.c..
=g | G P B Pelé)the
In the rest frame p» = —p; = —p. After angle integration E; is
4« cpo S k S
E. = 37rm1mg/ dk<¢‘Pmp|¢>
4

— Y G1B(Ho - Eo) In( ke >5|¢>

31 my mo Hy — Eg

3 5
B 1 e 8 2¢ 8
o omyme s [3 In ( Oz) o0 3 Inko(n l)} ’
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Two-body system

In the middle energy part k > e u «. This condition allows to
perform the following expansion of the denominator
1 1 (H-E)

+

E-k-H k' Kk 7

The first term gives energy correction of order ;o and is
already included in the Breit Hamiltonian, next term contributes
at . o®. After this expansion the middle energy part becomes

& Bk [y KK
EM B _m1 mo /eua (2%)32/(3 (5 - k2>

(9] (pq' +i (5 x R)") e’k (Hy — Ep) <pg — (8 x E)f> e 'k2|¢) + h.e..
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Two-body system

The matrix element between ¢ could be further rewritten to
(F="H—T),

@1y +he. = o]+ < RY) &,
[Ho— Eo. <dg —i(8 x E)’) e7'k%]] )
= (ole*" [ph, [~ 2.0k | 19}

and the middle energy part becomes

= o | o (- ) 0l [ [¢. 2] 1
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Two-body system

WP ()0 = im [Fro@|sor-a
+4783(r) (v +In a)] W(F)

(P(Gare) )y = (mg-vor— g5, )

2 1—dn
mi(l+1)2/+1)

_|_
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Two-body system

The next contribution Eg is a double transverse photon
exchange. It is obtained from the nonrelativistic Hamiltonian:
e -
Es = A(Fy)?
S= Amim (¢|A(1) Es— Fo

A% |¢) +he. (2

This expression is ultraviolet divergent — needs regularization

The kinetic energy of both particles and the binding energy is
order in « smaller than that of photon in Hjy, therefore it could
neglected.

After tracing out the photon degrees of freedom one obtains the
following expression in a momentum space
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Two-body system

¢ dBp [ Pg [ P L
Es = 4m1m2/(27r) /(277) /( )3¢(p Gi) (P + Go)

R B VA CTQ si_ & @\ A A2
91 Q2 (G1 + G2) P B | TN BN

2 . B 1 7 17
T e A+ -2 12
= mym [4< <(Maf)3>>n/ <n T3 6)

where A = pa .

Es depends on the cut-off \.
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Two-body system

The high energy part Ey:

. 4 2 d4k 1 1 V")/O‘i‘l
En = —€0(0) /(27r) ik [’wt/—k—mﬂ 4 ]

1 y 1+ v 1 7+
e R A e ]

where t is a four-momentum t = (m, 0). After subtracting
Coulomb, relativistic and Eg contributions

3 5
W a 7
Ey, = - ——=dpy=—-2In(2A

H m me T n3 0 {3 n( a)

e (™) ()]

1 2
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Two-body system

The sum of all parts is finite, does not depend on cut-offs and
equals to

AE = E +Ey+ Es+ Eqy

o® B 2 1 8 7 1
st Sinkgn - L (P (.
T my my 35l0 Ina 3" o(n.1) 6" < ((,uozr)3>>

R LLCRL LG

1 2

what agrees with previous formula for pure recoil corrections



Leading QED
000000000000 0e0000000

Spin dependent correction

It is calculated in the same way as the spin independent
amplitude, only the projection operators are different
(VO + N0 2.
4 2 (o1 02) d*k l
En = —e0(0) —3 /5 @2n)Fi K

Tr [fy“

PSR~ kl_ 00D 75/4]

X {Tr [’Y“ M v (’YO +1) Vi V5/4]
I/—kl—mz Y (7° +1) 7175/4} }

2a 3 m
= 2% S0(o1-02) —5 5 In <2> :

2 2
m2 — I’T)1 m

+Tr {’y”
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Lamb shift in He atom

The noninteracting Hamiltonian Hjy is

p12+p§ Za Za+a

H. _ - - _ - —
0 2m1 2m2 r ) o
+ > /d3kkaZAak7>\,
A=1.2

and the interaction H, is

A(R) | AP(R)
2m 2m -’
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Lamb shift in He atom

Self-energy: the low energy part

2

€ 1
Eg = ﬁ(d’\m - A(0) B —Ho pi-AQ0)[¢) + (1 —2).

The photon degrees of freedom could be traced out leading to

E 2¢f /" LI ! 9) + (1 > 2)
= = —
st s eapek PP E kR

E—— Ho — Eo) In | — 152
= m@ﬁ\m(o* 0) In Fo— B pile)+(1 —2)

_ 2a (1 (M £y) In Hy — Ep
B 37 m? P1(Fo 0 Z2ma2/2

>P1>+(1 %2)]

[42062

8a? 2
s () + () — W«ssmz»] in

2202 "
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Lamb shift in He atom

Self-energy: the high energy part is similar to that in Hydrogen

B = 2 (g 15 5 M2 (9 + 2°(2)
(8]

2 /40 4 _4 ,
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Low energy part

Photon exchange diagrams in the helium atom are calculated in
the same way as for the two—body system which was
considered in the previous section. The low energy part reads:

26% [eme/z Bk . 1 ~
. 2«a - Ho — Eo —
= gt (o~ Eo) In (5 0 ) Bl (1 0 2)
8 2
oy 1N 5 (3%(ri2))

3m?  Z2a
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Middle energy parts

The middle energy part Ey, is obtained from the corresponding
part of a two—particle binding energy in the previous section, by
putting my = m, and p = m/2, and P—distribution is
transformed according to

1 1
(na)® P <(Wr)3> =(ma)®P <(mar)3> +478%(r) In%.
(3)

After these replacements Ey, reads:

EM:—ZQ’:S <P <W>>+§:; <g+ln2—lne> (6%(r12))
(4)
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Double transverse and high energy parts

Double transverse part Eg is obtained in the same way as Ey

ma?® 1 2a? 4 17 3
Es = —o <P((mar12)3)>_ 2 (In/\Jr3 In2 — 6) (0°(r12)) -
5

So that the high energy part

o2

L o 4 3
Ey=—1 <4S1 Bt 5 -2 In)\a> (0°(n2)).  (6)
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Total Lamb shift in He

The complete helium Lamb shift is a sum of terms
Es, + Esy+ Eg+ EL + Ey+ Es + En,
89 14

2
5 o - — (6% 3

2
+ |30+ mZa) 2| T 0% + %)

14 5 / 1 1 2a
_gma <47TP<(mOJI’12)3>>_37Tm2M7
. 2(Hy—Ey) - <
M = <(P1 + p2) (Ho — Eo) |n((Z(;)2mO)(P1 +P2)>

= 27aZ(83%(n)+0%(r)) Ink .

The electron—electron terms can be further simplified, because
5185 6%(r2) = —3/48%(n2).

where



Helium energy levels

Hydragen
H levels
|I|IIII Parahelium : Orthohelium
ev| ||| s=0 i 5=t
I H n=1
_ AL : i D
20T : Helium '
I i energy
[ H
ﬁl'ls E levels
-25 L

0 1 2 3 0 1 2 3
Orbital angular momentum |



Nonrelativistic wave function

0 o(Fi, %) = SN, ci[exp(—air — Bira —~ir2) + (1 ¢ 2)]
@ parameters «;, 5;, and ~; are chosen quasirandomly

aj € [A1,Ag]
Bi € [B1,By]
vi € [Cy, G5

@ master integral

1 e—an—Br—rz 1
dr /d3r =
16 72 / 1 2 Hrang (a+B)(B+7)(7y+ )

o E®(115) = —2.903724377 034119598 310 +

@ more accurate results by Drake, Korobov, Schwartz,
Nakatsuiji



helium ionization energy [MHz]

v(1 L S)
E®@ —5945262 288.61
E® 16 800.32
E®) 40 495.81
E®) 861.24
E™) ~72.(36)
Ers 29.58
total —5945204 174.(36)

Bergeson et al. (1998) —5945204 356.(48)
Eikema et al. (1997) —5945204238.(45)
Eikema et al. (2010) —5945204212.(6)
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Wave functions

K-term linear expansions

K
G =D Ck (14 Pr2)(1 £7) g (ry, r2)
k=1
James-Coolidge functions
Y(r1,r2) = r<(ria—ng)" (pa—rag) ™ (ra+rie)™ (roa+ras)™
x exp [—a (r1a+ rB) — a(ra+ rs)]
Generalized Heitler-London functions

Uk(ri,r2) = g IR g g g exp[—(ra+ r28)]
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Wave functions

K-term linear expansions

K
G =D Ck (14 Pr2)(1 £7) yu(ry, r2)
k=1
James-Coolidge functions
Y(r1,r2) = r<(ria—ng)" (pa—rag) ™ (ra+rie)™ (roa+ras)™
x exp [—a (r1a+ rB) — o (r2a+ r2g)]
Generalized Heitler-London functions

Uk(ri,r2) = g IR g g g exp[—(ra+ r28)]
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Integrals: James-Coolidge basis

f(ny,n, N3, g, n5:1) =

/d3r1 d3r2 e~ UNA g~ UNB g=Wip g—Wip r

A
I T I r: 1
1A 18 2A 28 1,
(r1a — 118)™ (r2a — 128)"™8 (114 + 11)™ (r24 + 128)™
1 2ruw
£(0,0,0,0,0;r) = [e’“‘*w) Ei(—2r(u+w)) + e~ W) (w +n )
4duw w

— " Ei(—2ru) — WD Ei(—2r w)]

(u2 + W2) e—r(u+w) r2
f(2,0,0,0,0;r = —F——— 1(0,0,0,0,0;r) + —
( ) 6 u2 w2 ( ) 12uw
r
t o [(u+ w)e ") _(y — wye" UM Ei(—2ru)

—(w—u)ye "D Ei(—2rw) — (u+ w)e" T Ei(—2r (U + w))
+Hu+ w) e (W) ('v +1In 2ruw>]
u+w
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Born-Oppenheimer potential

0.20 -
0.15F
0.10F

0.05}

-0.05F

-0.10F

~0.15F

E(1.4011) = —1.174 475931400216 7(3),
previous most accurate results by Sims and Hagstrom, (2006).



Rovibrational levels in hydrogen molecule
KONRAD PISZCZATOWSKI?, GRZEGORZ LACH?, MICHAL PRZYBYTEK", BOGUMIL JEZIORSKI",

KRZYSZTOF PACHUCK[", AND JACEK KOMASA®

“ Faculty of Chemistry, University of Warsaw, Pasteura 1, 02-093 Warsaw, Poland
" Institute of Theoretical Ph; University of Warsaw, Hoza 69, 00-681 Warsaw, Poland
¢ Faculty of Chemistry, A. Mickiewicz University, Grunwaldzka 6, 60-780 Poznari, Poland

Rovibrational levels of H. (in cm ™)

Rovibrational levels of HD (in cm™)

Rovibrational levels of D; (in cm™)




H, molecule
[e]e]e]e] lele)

Dissociation energy of the ground state of H,
JCTC 5, 3039 (2009)

Component Dy/cm™!
Eso 36112.5927(1)
+BEap +5.7711(1)
+32Ena +0.4340(2)
+aPErar —0.5318(5)
+03Eoep —0.1948(3)
+a4 Enoep —0.0016(8)
E 36118.0696(11)
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Dissociation energy — comparison with experiment

Dy/cm™!
Ha D2
Experiment (1993)" 36118.06(4) 36748.32(7)
Experiment (2004)? 36118.062(10) 36748.343(10)
Experiment (2009/10)3# 36118.06962(37) 36748.36286(68)
Theory (2009) 36118.0696(11) 36748.3634(9)
Difference 0.0000(12) 0.0005(11)

'E. E. Eyler, N. Melikechi, 48R181993
2y. Zang et al., Phys. Rev. Lett. 92, 203003 (2004);

3Liu, Salumbides, Hollenstein, Koelemeij, Eikema, Ubachs, Merkt, JCP 130, 174306
(2009)

*Liu, Sprecher, Jungen, Ubachs, Merkt, 1321543012010
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Dissociation energy — comparison with experiment

Dy/cm™!
Ha D2
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Difference 0.0000(12) 0.0005(11)

'E. E. Eyler, N. Melikechi, 48R181993
2y. Zang et al., Phys. Rev. Lett. 92, 203003 (2004);

3Liu, Salumbides, Hollenstein, Koelemeij, Eikema, Ubachs, Merkt, JCP 130, 174306
(2009)

*Liu, Sprecher, Jungen, Ubachs, Merkt, 1321543012010
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