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What are What are metamaterialsmetamaterials? ? What are What are metamaterialsmetamaterials? ? 
Metamaterials are artificially structured materials that can have 
profoundly unique electromagnetic or optical propertiesprofoundly unique electromagnetic or optical properties.

http://people.ee.duke.edu/~drsmith/metamaterials.html 

e.g.

negative refraction
l ki

g
cloaking

D.  Schurig et al.,  Science 314, 977 -980 (2006) 
R. A.  Shelby et al.,  Science 292, 77 -79 (2001) 
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MetamaterialsMetamaterials and Effective Medium Theory and Effective Medium Theory 
a

MetamaterialsMetamaterials and Effective Medium Theory and Effective Medium Theory 

Effective 
medium

 >> a

homogenization



g

Microstructures Material parameters, (),  that can 
describe the macroscopic properties

n  
both  and  are negative   0n  : negative bands


only one negative in  and  n imaginary:  gap
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What are elastic waves? What are elastic waves? 
A Type of Classical 

Wave
Mechanical 

Vibrations in SolidsWave Vibrations in Solids
Fluid

Acoustic WavesAcoustic Waves

Seismic WavesElastodynamic Waves Seismic WavesElastodynamic Waves

TransverseLongitudinal TransverseLongitudinal
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   
2

iu uu u   
   

          


Wave equation:    2 i
i i

u u
t x x

            
Wave equation:

mass density shear modulus
  0 f  li id

lamé constanty
= 0 for liquids

Two types of waves & three material parameters

2
d

   bulk modulus

Two types of waves & three material parameters.

longitudinal :   2ln     transverse :  tn  g  l  

0
0

e e 

 


0
0

e e 

 


0
0

e e 

 


0
0

e e 

 


0e

0e  0e  0e  0e 

0,  0le t en n  : ,  0t el gap n  0,  :len t gap ,  :l t gap
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Previously proposed elastic Previously proposed elastic metamaterialsmetamaterials::y p py p p
(a) (a)  < 0, < 0,  > 0 > 0 and and  >0>0 (gap)(gap)

dipolar resonance

Z.  Liu et al.,  Science 289, 1734 (2000)
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(b) (b)  < 0< 0 < < 00  > 0> 0 ((nn < 0< 0))(b) (b)  < 0, < 0, < < 0, 0,  > 0 > 0 ((nnll < 0< 0))

 < 0  < 0 κ,ρ < 0

monopolar resonance

Y. Q. Ding et al., Phys. Rev. Lett. 99, 093904 (2007)
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Motivation

How about How about  < < 0 ?0 ?How about How about  < < 0 ?0 ?
0

0
e e 

 


0
0

e e 

 


0
0

e e 

 


0
0

e e 

 


0e
0

0e  0e  0e  0e 

0,  0le t en n  : ,  0t el gap n  0,  :len t gap ,  :l t gap

We will design “exotic solids” with  < 0 also with  < 0 < 0 :  

0e ,  :l t gap 0,  :len t gap : ,  0t el gap n  0,  0le t en n 

We will design  exotic solids  with  < 0, also with  < 0, < 0 :  

both nl and nt < 0

“Incompressible‐solid‐like”: only support 
transverse wave  

“Fluid‐like” : only support longitudinal waves
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Methods

• Effective medium analysis : guiding the design

• Numerical calculations
•Multiple‐scattering calculationp g
• COMSOL Multiphysics
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Effective medium theory for elastic metamaterials: 
 0 

Effective medium theory for elastic metamaterials: 
s s s
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quadrupolarY. Wu, Y. Lai and Z.Q. Zhang, Phys. Rev. B 76, 205313 (2007).
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Exotic solids I

 < < 00  < 0< 0 < < 0, 0,  < 0 < 0 
Microstructure Effective medium parameters
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Band structure and transmission
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longitudinal in. transverse in.g

transverse 
wave filter
“incompressi
ble solidble‐solid‐
like”
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negative refraction

63o 82o

g

Snell’s law: sin sin sink i k k  Snell s law: 0 0 0 0sin sin sint l l t tk i k k  

0 58t  
0 99l  Plug in kt
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Exotic solids II

From single mass LRMFrom single mass LRM

Hard core enhances the rubber

m
dipolar resonances which 
can induce negative mass 
densitylead y

epoxy

Can we use many hard objects to 

to…

Can we use many hard objects to 
enhance quadrupolar resonances?

MultiMulti‐‐mass locally resonant materialsmass locally resonant materials
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System designSystem design
model microstructures

System designSystem design

m
Foam host

m

mm

SteelSteel

Hard Silicone RubberSoft Silicone 
RubberRubber

can enhance both monopolar
and quadrupolar resonances
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Band structure and states

300
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gap with 2 
negative 

150

200

(H
z)

g
bands

100

f(

50
 X

M

0
 
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300

LL “fluid like” solid
250

300

LL fluid-like  solid

LT “Super-anisotropic” solid:
“incompressible-solid-like” in 150

200

f(H
z)

ГМ direction and “fluid-like” 
in ГХ direction

50

100

0
 

(a) (b)Near μ resonance,μ<<0,κ+μ<<0
If ρ<0, we get cl<0 and ct<0, i.e. two degenerate states at μ=-∞.
Each state is longitudinal and transverse in different directions.
Symmetry breaking chooses one of them => “super-anisotropic”.
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Conclusions

 Design elastic metamaterials in two dimensions
guided by the effective medium theory guided by the effective medium theory 
 enhance quadrupolar resonance to produce negative 

 Exotic solids (two examples): 
1) Rubber‐coated‐water cylinders in a foam host would 

d   i  b d  f   h  produce negative bands for shear wave
2) Multi‐mass locally resonant structures would 

generate complex bands  generate complex bands  
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