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Electromagnetic fields in classical mechanics

Two vectors: �E, �H

Lorentz force (Henrick Lorentz, 1892, J.C. Maxwell, 1861)

�F = e�E +
e

c
�v × �H

Maxwell equations (James Cleck Maxwell, 1865)

∇× �E = −1

c

∂ �H

∂t

∇ · �E = 4πρ

∇× �H =
1

c

∂�E

∂t
+

4π

c
�j

∇ · �H = 0

ρ is the charge density, �j = ρ�v is the current density



Variational principle

Total action : S = Sf + Sm + Smf

Matter action : Sm = −mc
∫

ds

Matter − field action : Smf = − e
c

∫

Akdxk

Field action : Sf = 1
16πc

∫

FikF ik
∏

j dxj

i = 0, 1, 2, 3 , s =
√

dxidxi, xi = (ct, �r ), xi = (ct,−�r )

Fik =
∂Ak

∂xi
− ∂Ai

∂xk

Ak = (φ,−�A), φ = scalar potential, �A = vector potential

�E = −∇φ − 1

c

∂ �A

∂t
, �H = ∇× �A

Gauge invariance:

Ak −→ Ak + ∂f(x)/∂xk with arbitrary function f(x)



Quantum mechanics

Schrödinger equation (Erwin Schrödinger, 1925)

ĤΨ = EΨ

Ĥ =
1

2m
(p̂2

1 + p̂2
2 + p̂2

3) + V (�x ), p̂j = −i�
∂

∂xj

In electromagnetic field with potentials φ and �A

p̂j −→ p̂j −
e

c
Aj, V −→ V + eφ

Ĥ =
1

2m

(

�̂p − e

c
�A

)2

+ V (�x ) + eφ



Gauge invariance in quantum mechanics

Let us consider φ = 0, �A = �A(�x). Then �E = 0 and �H = rot�A

Schrödinger equation
[

− �
2

2m

(

∂

∂�x
− ie

�c
�A

)2
]

Ψ(�x ) = EΨ(�x )

Gauge invariance:

�A −→ �A +
∂f(�x )

∂�x
, Ψ(�x ) −→ e

i
ef(�x )

�c Ψ(�x )

• In classical mechanics only local fiels �E(�x ) and �H(�x ) are

important

• In quantum mechanics local potentials φ(�x ) and �A(�x ) enter the

Hamiltonian



Aharonov – Bohm effect

In quantum mechanics there are possibilities to observe the influence

of electromagnetic potentials though a particle never goes through

the region where there exist non-zero electromagnetic fields.

Proc. Phys. Soc. 62, 8-21, 1949 Phys. Rev. 115, 485-491, 1959



David Bohm

20.12.1917 – 27.10.1992

Yakir Aharonov

28.08.1932



Magnetic Aharonov – Bohm effect

solenoid 

e
le

ctro
n

s

path one

path two
in

te
rfe

re
n

ce

A completely shielded solenoid produces the phase shift

Φ =
e

�c

∮

�Ad�r =
e

�c

∫

rot�Ad�s ≡ e

�c

∫

�Hd�s



Shift of an electron interference pattern by

enclosed magnetic flux

R. G. Chambers, Phys. Rev. Lett. 5, 3, 1960

Interference Magnetic

whisker fringes

1 µ m



The continuous variation of the phase of electron

waves in field free space by means of the magnetic

vector potential of a solenoid

G. Möllenstedt,W. Bayh, Physikalische Blätter, 18, 299, 1962

Interference 

fringes
V

o
lt

a
g
e
 t

h
ro

u
g
h

 t
h

e
 s

o
le

n
o
id



Evidence for Aharonov-Bohm effect with magnetic

field copletely shielded from electron wave

Akiro Tonomura et al., Phys. Rev. Lett. 56, 792, 1986



Vortex potential

x

y

φ

A φ

r

Ax = − γ y

|�r |2 + a2

Ay =
γ x

|�r |2 + a2

�H = rot �A

Hz =
∂Ay

∂x
− ∂Ax

∂y
=

2 γ a2

(|�r |2 + a2)2

Hz −→
a→0

2πγ δ(�x )

Flux: Φ ≡
∮

�Hd�S = 2πγ

Aharonov-Bohm singular vortex potential

Aφ =
γ

r
=

Φ

2πr



Scattering on Aharonov-Bohm vortex

reflected 
wave

φ
wave

incident

Schrödinger equation in dimensionless units
[

∂2

∂r2
+

1

r

∂

∂r
+

1

r2

( ∂

∂φ
+ iα

)2

+ k2

]

Ψ(r, φ) = 0

α =
Φ

Φ0
, Φ0 = −2π�c

e
= 4.135 10−7gauss cm2



Elementary solutions

We insist that Ψ(r, φ) → 0 when r → vortex position (= 0).

Elementary solution

J|m+α|(kr)eimφ

General solution

Ψ(r, φ) =
∞
∑

m=−∞
am J|m+α|(kr)eimφ

Initial wave function

Coefficients am have to be determined from the condition that Ψ

represents a plane wave incident from the right: Ψ0(r, φ) = e−ikr cos φ

But in the end the initial wave function will be different (|φ| < π)

Ψ0(r, φ) = e−ikxe−iαφ = e−ikr cos φ−iαφ



Asymptotic behavior

Expansion

e−ikr cos φ =
∞
∑

m=−∞
(−i)|m|J|m|(kr)eimφ

At r → ∞, J|m|(kr) →
√

2/(πkr) cos(kr − π|m|/2 − π/4)

At infinity the initial wave has the following asymptotics

Ψ0(r, φ) = Ψ
(0)
in (r, φ) + Ψ

(0)
out(r, φ)

Ψ
(0)
in (r, φ) =

( 1

2πkr

)1/2 ∞
∑

m=−∞
(−i)|m|eπi|m|/2e−ikr+iπ/4eimφ

Incident wave asymptotics for general solution

Ψin(r, φ) =
( 1

2πkr

)1/2 ∞
∑

m=−∞
ameiπ|m+α|/2e−ikr+iπ/4eimφ



Exact scattering solution

To have the same incident wave for all m one has to impose

am = (−i)|m+α|

Exact solution

Ψ(r, φ) =
∞
∑

m=−∞
(−i)|m+α| J|m+α|(kr)eimφ

Transformations

Ψ(r, φ) = Ψ1(r, φ) + Ψ2(r, φ) + Ψ3(r, φ)

Ψ1(r, φ) =
1

2
(−i)αe−ikr cos φ

∫ kr

0

eip cos φ
(

Jα+1(p) − iJα(p)eiφ
)

dp

Ψ2(r, φ, α) = Ψ1(r,−φ,−α)

Ψ3(r, φ) = (−i)|α|J|α|(kr)



Scattering amplitude

When r → ∞

Ψ(r, φ) −→ e−i(kr cos φ+αφ) +
eikr

√
2πikr

D(φ)e−i[α](φ−π)

πα

πα

−

Diffraction coefficient

D(φ) = −i
sinπα

cos(φ/2)
e−iφ/2

Scattering cross section

σ =
sin2 πα

2πk cos2(φ/2)

Strong diffraction

Parabolic region δφ ∼ 1/
√

kr in the forward direction



Numerical calculation at kr = 10
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Uniform approximation at large kr

Ψ(kr, φ) −→ e−ikr cos φ−iαφ − sin πα e−i([α](φ−π)+φ/2+kr cos φ)

+
2 sinπα√

π
e−i([α](φ−π)+φ/2+kr cos φ+π/4)

∫

√
2kr cos(φ/2)

0

eit2dt

Exact formula for α = 1/2

Ψ(kr, φ) =
2√
π

e−i(kr cos φ+φ/2+π/4)

∫

√
2kr cos(φ/2)

0

eit2dt



Kirchoff approximation at large kr

w

y

t

x

Kirchoff principe

Ψ(x, y) =
k

√

2πik|R|

∫

eik
√

x2+(y−t)2Ψin(0, t)dt

≈ k
√

2πik|x|
eik|x|

∫

eik(y−t)2/2|x|Ψin(0, t)dt

Additional phase close to the axis due to the flux line: e−iπα sgn t

Kirchoff (paraxial) approximation

Ψ(x, y) ≈ k
√

2πik|x|
e−ikx

∫

eik(y−t)2/2|x|e−iπα sgn tΨin(0, t)dt

When Ψin(x, y) = e−ikx, Ψin(0, t) = 1 and this results agrees with the

above uniform approximation close to the forward direction (φ is

near π or −π)



Whirling waves (Berry, 1980)

Poison summation formula

∞
∑

m=−∞
F (m) =

∞
∑

n=−∞

∫ ∞

−∞
F (λ)e2πinλdλ

Initial wave

e−ikr cos φ =
∞
∑

m=−∞
e−iπ|m|/2J|m|(kr)eimφ =

∞
∑

n=−∞
Tn(r, φ)

Tn(r, φ) = the n-th whirling wave

Tn(r, φ) =

∫ ∞

−∞
e−iπ|λ|/2J|λ|(kr)ei(φ+2πn)θλdλ

= e−ikr cos φδn,0 −
1

π

∫ ∞

−∞

(π + iy)eikr cosh y

(π + iy)2 − (φ + 2πn)2
dy



Interpretation

Tn(r, φ) = wave at φ after n anticlockwise circuits of the origin.

When the flux line exists, Tn(r, φ) has to be modified

Tn(r, φ) −→ Tn(r, φ)e−iα(φ+2πn)

Exact wave function

Ψ(r, φ) =
∞
∑

n=−∞
Tn(r, φ)e−iα(φ+2πn)

Ψ(r, φ) =

∞
∑

n=−∞

∫ ∞

−∞
e−iπ|λ|/2J|λ|(kr)ei(λ−α)(φ+2πn)dλ

Changing λ − α → λ and using the Poisson summation formula gives

Ψ(r, φ) =

∞
∑

m=−∞
e−iπ|m+α|/2J|m+α|(kr)eimφ



Two vortices (Stovicek, 1993)

The S-matrix for scattering on 2 solenoids with fluxes α and β

S(θ, θ0) =
∞
∑

n=0

S(n)(θ, θ0)

S(0)(θ, θ0) =
1

2
{1 + exp(2πi(α + β))}δ(θ − θ0)

S(n)(θ, θ0) =
i(−1)n

2πn

∑

cn,...,c2,c1

eic1 cos θ0−icn cos θ

×
∫

Rn

dn�τ eφ0τ1+φτn

n
∏

j=1

sinπσj

sinπ(σj + iτj)

n−1
∏

j=1

Ki(τj+1−τj)(−ikr)

cj = {a, b}, cj �= cj+1. For cj = a, σj = α, and for cj = b, σj = β.

φ0 = 2π − θ0 for c1 = a, φ0 = π − θ0 for c1 = b. φ = θ − π ± π for

cn = a, φ = θ − π for cn = b. Kν(x) is the Macdonald function



Deflection for Aharonov-Bohm scattering

(Shelankov, 1998)

Cross section for the AB-effect is symmetric φ → −φ

σ =
sin2 πα

2πk cos2(φ/2)

One might expect that there is no overall deflection (left-right

assymetry) after scattering. Due to singular forward scattering it is

not the case.

w

y

t

x

Paraxial representation

Ψ(x, y) ≈ keik|x|
√

2πik|x|

∫

eik(y−t)2/2|x|−iπα sgn tΨin(0, t)dt

Choose a collimated beam Ψin(0, t) = e−|t|/w and consider

|x| ≫ w2k



Fraunhofer diffraction

Cylindrical wave (R =
√

x2 + y2, φ ≈ y/x)

Ψ(x, y) =
1√

2πikR
eikRF (φ)

F (φ) = k

∫ ∞

−∞
e−iktφ−iπα sgn t−|t|/wdt = 2

φ0 cosπα + φ sinπα

φ2 + φ2
0

φ0 = 1/(kw)

Scattering ”cross section”

σ(φ) ≡ R|Ψ(R, φ)|2 =
2(φ0 cosπα + φ sinπα)2

πk(φ2 + φ2
0)

2

When φ ≫ φ0 this expression agrees with the usual AB cross section.

For φ � φ0 it is asymmetric



Mean angle of deflection

∆φ =

∫ ∞
−∞ φσ(φ)dφ
∫ ∞
−∞ σ(φ)dφ

= − sin 2πα

kw

w

y

t

x

In general

∆φ ≈ − sin 2πα
|Ψ(0)|2

k
∫ ∞
−∞ |Ψ(y)|2dy

Ψ(y) = wave function without the flux

Effective ”Lorentz” force

�F = −� sin 2πα �v × �ez −→
Φ→0

e

c
�v × �Φ

α = Φ/Φ0, Φ0 = −2π�c/e, Φ =
∫

Hds



S-matrix

At large distances

the incoming wave

Ψin(r, φ) =
1√

2πkr
e−ikr+iπ/4fin(φ), fin(φ) =

∑

m

eimφ am

the outcoming wave

Ψout(r, φ) =
1√

2πkr
e+ikr−iπ/4fout(φ), fout(φ) =

∑

m

eimφ bm

In general, due to the flux conservation

bm =
∑

n

Smnan

with unitary S-matrix



S-matrix for AB scattering

Elementary solution: J|m+α|(kr)eimφ. When r → ∞
1√

2πkr
e−ikr+iπ/4+iπ|m+α|/2 +

1√
2πkr

e+ikr−iπ/4−iπ|m+α|/2

S-matrix: Smn = δmne−iπ|m+α|

fin(φ) =
∑

m eimφam, fout(φ) =
∑

m eimφbm, bm = e−iπ|m+α|am

Assuming that the beam is collimated:
∑

m |am|2 < ∞

fout(φ) =

∮

sα(φ − φ′)fin(φ′)dφ′

sα(θ) = cosπα δ(θ + π) − i
sinπα

2π
v.p.

e−iθ/2

cos(θ/2)

The interference between two terms gives a term ∼ sin 2πα and the

mean deflection angle is the same as above.



Billiards with a flux line

Chaotic billiards

Flux line 

Introduction of the flux line changes

the spectral statistics from GOE to GUE

(Berry, Robnik (1986))

Integrable billiard

Flux line

Analysis of the trace formula

Diffractive orbits

(Sieber (1999))



Pseudo-integrable systems

Aharonov−Bohm flux line

Diffractive orbits

(E.B., Pavloff, Schmit (2000))

Level compressibility

(E.B., Giraud, Schmit (2002)

χ ≡ K(0) = 1 − 4α(1 − α) + 6αη(x0/a, y0/b)

For irrational rations η = 1/6

Flux line

Level compressibility

χ = 1 − 4λα(1 − α)/π

λ = arcsin x + x
√

1 − x2, x = d/R

N(L) = number of levels in interval L, normalized that N̄(L) = L

Level compressibility χ = �(N(L) − N̄(L))2�



Scattering on two Aharonov-Bohm vortices with

opposite fluxes

(E.B., S. Mashkevich, S. Ouvry (2010))

Singular gauge:
�

∆ + k2
�

Ψ = 0

2πiαe2πiα

α− α

e Ψ(−)(R, φ) = f(φ)Ψ(+)(R, φ)

∂

∂r
Ψ(−)(R, φ) = f(φ)

∂

∂r
Ψ(+)(R, φ)

f(φ) describes the jump along the cut

f(φ) =







e2πiα, φ ∈ [π, 2π]

1, φ ∈ [0, π]



Expansions

Ψ(−)(kr, φ) =
∞
�

m=−∞
cmJ|m|(kr)eimφ

Ψ
(+)
l (kr, φ) = J|l|(kr)eilφ +

∞
�

n=−∞
tn(l)H

(1)
|n| (kr)einφ

Equations to fulfill

∞
�

n=−∞

�

J ′
|m|H

(1)
|n| − J|m|H

(1)′
|n|

�

Amntn(l) = −(J ′
|m|J|l| − J|m|J

′
|l|)Aml

Amn = the Fourier coefficients of f(φ)

Amn =
1

2π

� 2π

0

f(φ)ei(n−m)φdφ = eiπα







cosπα (m = n)

sin πα
π

1−(−1)n−m

n−m (m �= n)



Scattering amplitude

Ψ(+)(kr, φ) −→
r→∞

eikr cos(θ−φ) +

√

2

πkr
eikr−iπ/4F (θ, φ)

Standard: eikr cos(θ−φ) =
∑∞

l=−∞ i|l|J|l|(kr)eil(φ−θ)

Ψ(+)(kr, φ) =
∞
∑

l=−∞
i|l|Ψ(+)

l (kr, φ)e−ilθ = eikr cos(θ−φ) + Ψ(ref)(kr, φ)

Ψ(ref)(kr, φ) is the reflected field

Ψ(ref)(kr, φ) =
∞
∑

n,l=−∞
i|l|tn(l)H

(1)
|n| (kr)einφ−ilθ

The scattering amplitude F (θ, φ)

F (θ, φ) =
∞
∑

n,l=−∞
i|l|−|n|tn(l)einφ−ilθ



Numerics for kR = 1
Left: α = 1/4, center: α = 1/3, right: α = 1/2
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Small α limit

F (θ, θ′) −→
sin πα→0

−i sinπα cot
θ − θ′

2
sin

(

2kR sin
θ − θ′

2
sin

θ + θ′

2

)

.

−π −π/2 0 π/2 π
 φ

0

1

2

3

4

 |F
(θ

, θ
+φ

)|2 /s
in

2 πα

−π −π/2 0 π/2 π
 φ

−π −π/2 0 π/2 π
 φ

α = .01, kR = 1

Left: θ = 0, center: θ = π/4, right: θ = π/2



Small kR limit

For small x = kR it is convenient to introduce

tn(l) =
J|l|(x)

H
(1)
|n| (x)

yn(l)

They obey

∞
∑

n=−∞

(

J ′
m

Jm
− H

(1)′
n

H
(1)
n

)

Amnyn(l) = −
(

J ′
m

Jm
− J ′

l

Jl

)

Aml

In the limit x → 0

J ′
m(x)

Jm(x)
−→
x→0

|m|
x

,
H

(1)′
n (x)

H
(1)
n (x)

−→
x→0

−|n| + δn0ρ

x

with ρ = 2i/(π + 2i(ln(x/2) + γ)).



Final set of equations for unknown yn(l)

∞
∑

n=−∞
(|m| + |n| − δn0ρ)Amnyn(l) = −(|m| − |l|)Aml

Symmetry y−n(0) = (−1)nyn(0).

The scattering amplitude is dominated at small x by S-wave y0(0)

F (θ, φ) −→
x→0

t0(0) =
y0(0)

H
(1)
0 (x)

≈ −i
π

2
ρy0(0)

To find y0(0) it is necessary to solve the infinite system of equations.

In the end

F (θ, φ) −→
kR→0

− π

π + 2i(ln(kR/2) + γ + β(α))

β(α) is the main quantity of interest.



It is convenient to define for n ≥ 1 xn = 2yn(0)/(1 + y0(0)), x0 = 1,

ξ = 2ρy0(0)/(1 + y0(0))

Final set of equations (N → ∞)

N
∑

n=0

Amnxn = ξfm,
π

2
ξ cotπα =

N
∑

n=1

xn(1 − (−1)n)

where

fm = − sinπα(1 − (−1)m)

2πm2
− cos πα(1 + (−1)m)

4m

ξ is a function of α only, ξ = −2/β(α).



Numerical determination of β(α)

Due to power singularities at the vortex locations the convergence

with increasing N is slow (N ≈ 500). General fit

ξ ≃ a0 +
a1

Nα
+

a2

N1−α
+

a3

N
+

a4

N1+α

0 0.2 0.4 0.6 0.8 1
 α

−5.5

−3.5

−1.5

 β
(α

)

Exact formula

β(α) =
1

2
Ψ

(α

2

)

+
1

2
Ψ

(1 − α

2

)

+γ+ln 4+
π

2 sinπα

Ψ(z) = Γ′(z)/Γ(z)



Riemann-Hilbert method

2πiαe2πiα

α− α

e
Ψ(−)(kr, φ) =

∞
∑

m=−∞
cmJ|m|(kr)eimφ

Ψ
(+)
l (kr, φ) = J|l|(kr)eilφ +

∞
∑

n=−∞
tn(l)H

(1)
|n| (kr)einφ

When kR → 0, (∆ + k2)Ψ = 0 −→ ∆Ψ = 0 and

Ψ(r, φ) −→
kR→0

Φ̃(z) + Φ̃(−z̄)

Inside the circle the function Φ̃(z) has to be regular

Φ̃(inside)(z) =
∞
∑

m=0

am

( z

R

)m

.



Wave function outside the circle

Ψ
(+)
l (kr, φ) = Φ̃(+)(z) + Φ̃(+)(−z̄) + ρy0(0) ln

r

R

Φ̃(+)(z) =
1

2
(1 + y0(0)) +

∞
∑

n=1

y−n(0)

(

R

z

)n

The logarithmic term appears because of the presence of H
(1)
0 (kr)

ln
( r

R

)

=
1

2
ln

(

−i
z

R

)

+
1

2
ln

(

i
z̄

R

)

Outside the circle

Ψ(+) = Φ̃(outside)(z) + Φ̃(outside)(−z̄)

with

Φ̃(outside)(z) = Φ̃(+)(z) +
1

2
ρy0(0) ln

(

−i
z

R

)

Φ̃(+)(z) is regular outside the circle but ln(−iz) is not



Aharonov-Bohm boundary conditions

Inside and outside functions of variable z (and of −z̄) are related

Φ̃(inside)(eiφ) = f(φ)Φ̃(outside)(eiφ)

It is equivalent to

Φ̃(−)(eiφ) = f(φ)Φ̃(+)(eiφ) +
ρ

2
y0(0)f(φ) ln

�

−ieiφ
�

≡ f(φ)Φ̃(+)(eiφ) + ρy0(0)f(φ)g(φ)

where

1

2
ln

�

−ieiφ
�

≡ g(φ) =
i

2







φ − π
2 0 < φ < π

φ − 3π
2 π < φ < 2π

Here Φ̃(−)(eiφ) and Φ̃(+)(eiφ) are boundary values of functions

holomorphic inside and outside the circle



Non-homogeneous Riemann–Hilbert problem

Find two functions, Φ̃(−)(z) and Φ̃(+)(z), holomorphic,respectively,

inside and outside a contour such that on the contour (parametrized

by t) they obey

Φ̃(−)(t) = G(t)Φ̃(+)(t) + g(t)

The solution consists of two steps.

Step one: find solution of homogeneous problem

T (−)(t) = G(t)T (+)(t). It reduced to

lnT (+)(t) − lnT (−)(t) = − lnG(t)

whose solution is (≈) given by the Cauchy integral

lnT (z) = − 1

2πi

∮

ln G(t)

t − z
dt + polynom(z)



It means that

G(t) =
T (−)(t)

T (+)(t)

and the hon-homogeneous equation takes the form

Φ̃(−)(t) =
T (−)(t)

T (+)(t)
Φ̃(+)(t) + g(t)

Divide by T (−)(t)

Φ̃(−)(t)

T (−)(t)
=

Φ̃(+)(t)

T (+)(t)
+

g(t)

T (−)(t)

Its solution is again given by the Gauchy integral

Φ̃(z)

T (z)
= − 1

2πi

∮

g(t)

(t − z)T (−)(t)
dt + polynom(z)

etc.



Exact results

The S- wave function for the scattering on two vortices

Ψ
(+)
0 (r, φ) = J0(kr) + J0(kR)

∞
∑

n=−∞

yn(0)

H
(1)
n (kR)

H(1)
n (kr)einφ

When kR → 0

y0(0) = − 1

1 + β(α)ρ

where

ρ =
2i

π + 2i(ln(kR/2) + γ)
.

and

β(α) =
1

2
Ψ

(α

2

)

+
1

2
Ψ

(1 − α

2

)

+ γ + ln 4 +
π

2 sinπα



The generating function of yn(0) = y−n(0) in the limit kR → 0 is

∞
∑

n=0

yn(0)zn =
1 + y0

2
Φ(z) − 1

2

where

Φ(z) =

(

1 + z

1 − z

)α
J(1) − J(z)

J(1) − J(0)

and

J(z) =
i

4π

∫ π

0

[

e−iπα/2 tanα(φ/2)

1 − ze−iφ
+ eiπα/2 cotα(φ/2)

1 + ze−iφ

](

φ − π

2

)

dφ

Contradict to Y. Nambu (Nucl. Phys. B 579 590 (2000))



Summary

• Electromagnetic potentials can be observed in quantum

mechanics even when the fields are zero everywhere except one

point

• Scattering on a flux line exists when the flux is not an integer

• Collimated beam deflects on a flux line

• Flux line inside the billiard may change statistical properties

• Scattering on two near-by flux lines can be calculated analytically


