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Electromagnetic fields in classical mechanics

— —

Two vectors: E, H

Lorentz force (Henrick Lorentz, 1892, J.C. Maxwell, 1861)

F=cB+-vxH
C

Maxwell equations (James Cleck Maxwell, 1865)

VxE = _1oH
c Ot
V-E = Amp
- 10E A4dr-
VxH = ——4 —j
cat_l_c‘]
V-H = 0

p is the charge density, I: pV is the current density



Variational principle

Total action : S =25+ Sm+ Smy
Matter action : Sm = —mec [ ds
Matter — field action : Smp=—%] A dxF

Field action : Sf = 161m szkF“’€ Hj da?

i=0,1,2,3, s=+/dadzi, 2'=(ct,7), x; = (ct, —7)
_ 0Ax  0A

B (9:13@ 6:Uk

Ay = (o, —A), ¢ = scalar potential, A = vector potential

B 10A . B

Fik

Gauge invariance:
Ay — Ap + 0f(z)/0x" with arbitrary function f(z)



Quantum mechanics

Schrodinger equation (Erwin Schrodinger, 1925)

HU = EV
. 1 0

AD AD ~2 — N .
H = %(pl +p3 +p3) + V(Z), pj = _lha—a:j

In electromagnetic field with potentials ¢ and A

R R €
pj—>pj—EAj, V—>V+€¢

>

) V@)t g



Gauge invariance in quantum mechanics

Let us consider ¢ = 0, A = A(Z). Then E = 0 and H = rotA
Schrodinger equation

2 . 2
B h 8_} e A
2m \ 0xr  hc

Gauge invariance:

A)—>A)—I—a];(f), \P(f)—>ei he W (x)
X

e In classical mechanics only local fiels E(Z) and H(Z) are

important

e In quantum mechanics local potentials ¢(Z) and A(Z) enter the

Hamiltonian



Aharonov — Bohm effect

In quantum mechanics there are possibilities to observe the influence
of electromagnetic potentials though a particle never goes through

the region where there exist non-zero electromagnetic fields.
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ABSTRACT. In view of mis-statements made in the literature, the origin of the refractive
index in electron optics is discussed in some detail, and the uniqueness of an expression
previously given is demonstrated. On this basis, some general properties of electron
optics are investigated. E

A relation between ray direction and wave normal is obtained. Whereas the refractive
index is unique in terms of the magnetic vector potential A, this itself is arbitrary to some
extent. It is shown that A must, for purposes of electron optics, be chosen so as to satisfy
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Significance of Electromagnetic Potentials in the Quantum Theory

Stokes’ theorem and that, if it does, no obsérvable effects result from the arbitrariness of A.
An expression for the optical path difference is given in terms of the magnetic flux enclosed.
The results are applied to a number of questions, viz. the differential equations for tra-
jectories, the focusing properties of an axially symmetric field and the interference pattern
produced by two converging bundles of rays which enclose a magnetic flux.
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H. H, Wills Physics Laboralory, University of Bristel, Bristol, Explond
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In this paper, we discuss some interesting properties of the cectromagnetic potentials in the guantum
domain. We shall show that, contrary to the conelusions of classical mechanics, there exist effects of poten-
tials on charged particles, even in the region where all the fiells {and therefore the forces on the particles)
wanish, We shall then discuss possible experiments to test these conclusions; and, finally, we shall suggest
further possible developments in the interpretation of the potentials,
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Magnetic Aharonov — Bohm effect

o path one S
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solenoid

A completely shielded solenoid produces the phase shift
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Shift of an electron interference pattern by
enclosed magnetic flux

R. G. Chambers, Phys. Rev. Lett. 5, 3, 1960
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Magnetic Interference

whisker fringes



The continuous variation of the phase of electron
waves in field free space by means of the magnetic
vector potential of a solenoid

G. Mollenstedt,W. Bayh, Physikalische Blatter, 18, 299, 1962

Voltage through the solenoid

(ppsasmaasssy

Interference

fringes



Evidence for Aharonov-Bohm effect with magnetic
field copletely shielded from electron wave

Akiro Tonomura et al., Phys. Rev. Lett. 56, 792, 1986

Permalloy



Vortex potential
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Aharonov-Bohm singular vortex potential

p=1_ %
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Flux: ¢ = fﬁdgz 27y



Scattering on Aharonov-Bohm vortex

reflected
wave

incident
wave

Schrodinger equation in dimensionless units
0* L1 0 L (6
or?  rdr 1r2\0¢

P 2mhe

_ — @ —
“ (I)O, 0 €

+ia)2+k2] U(r,¢) =0

= 4.135 10~ "gauss cm?




Elementary solutions

We insist that U(r, ¢) — 0 when r — vortex position (= 0).
Elementary solution
Jimta|(kr)e™?

General solution

oo

\If(fl“, ¢) — Z Am J|m—|—o¢|(kr)eim¢

m=—00
Initial wave function

Coefficients a,,, have to be determined from the condition that W
represents a plane wave incident from the right: Wq(r, ¢) = e krcos¢

But in the end the initial wave function will be different (|¢| < )

\IJO(Ta gb) _ e—ikxe—iaqb _ e—ikrcos p—iag



Asymptotic behavior

Expansion
©. @)

e—ikrcosgb _ Z (_i)|m|J|m|(kT)eimgb

m=—oo

At r — 00, Jjp (k) — +/2/(mkr) cos(kr — w|m|/2 — 7 /4)
At infinity the initial wave has the following asymptotics
Wo(r, ¢) = Wi (1, 6) + UL (r, 0)

O

1 \1/2 e
\Iji(r?)(r7¢):(2ﬂ_kr) Z (_1)\ | o7ilm|/2 j—ikr+im/4 jimé

m=—0o0
Incident wave asymptotics for general solution

oo

1 \1/2 | o
\Ifin(T, gb) = (271-]{74) Z amem\m+a\/2e—1kr+m/4elm¢

m—=—oo



Exact scattering solution

To have the same incident wave for all m one has to impose

Ay, = (—i)|m+o‘|
Exact solution
W(r,¢) = i (=)™ T g o) (k7)™
Transformations _
U(r,¢) = Wi(r, @) + Wa(r, ¢) + U3(r, ¢)

1 . —1kr cos o 1p cos : 1
Ui (r,6) = (i) ke /O % (Jia(p) — 1 () ) dp

Vo (r, ¢, a) = Vq(r, —p, —a)
Us(r, ¢) = (—1)1*1J) 0 (kr)



Scattering amplitude

When r — oo

eikr

V2mikr

Diffraction coefficient

\IJ(T, g/b) N e—i(krcos d+ao) 4+ D<¢)e—i[a](¢—ﬂ')

TTOL D<¢) _ S111 7T e_i(b/Q
o - cos(¢/2)
T T —
”””””””””l||||||||||||||||' Scattering CI'OSS Section
—< ~%
— o - - sin? o

o

T 27k cos?(¢/2)
Strong diffraction

Parabolic region d¢ ~ 1/v/kr in the forward direction



Numerical calculation at kr = 10

AN
Re(¥(10,0))
—— Im(¥(10,0))

1.5

-1.5

Re(¥(100))
—— Im(¥(10,0))

1.5

-1.5

-Tt/2 0 /2

T

-T/2 0 /2

T

a = 0.2



Uniform approximation at large kr

‘D(kra¢)‘——>G_N”TDS¢_da¢——Shlﬂ(xe‘dan¢_W)+¢/2+kTaE¢0

: V2kr cos(¢/2)
L 28T i((a](§—m)+/2+kr cos /1) /

VT 0

et dt
Exact formula for a = 1/2

2 _ 2kr cos(¢/2) =
T Y A

VT 0



Kirchoftf approximation at large kr

Kirchoff principe

Y Wy = ——
7 D ikl R

~ ikl

Additional phase close to the axis due to the flux line:

Kirchoff (paraxial) approximation

U

b
x,Y) ~ e
AN

When Wi, (z,y) = e **_ ;. (0,¢) = 1 and this results agrees with the

/ e FVT W=Dy, (0, ¢)dt

eik(y—t)2/2|x| U, (0’ t)dt

€

—ima sgnt

—ikx eik(y—t)2/2|:c|e—i7ra sgn t\:[jil’l (O, t)dt

above uniform approximation close to the forward direction (¢ is

near m Or —m)




Whirling waves (Berry, 1980)

Poison summation formula

Z F(m) = Z /_OO F(N\)e?™2 A\

m=—oo n=——oo

Initial wave

o

e—ikrcoscb: Z e_iw|m|/2<]|m|(k’l“)eim¢: Z Tn(?“,Qb)

m—=—oo n=-—oco

Tw(r,¢) = the n-th whirling wave

Tn(’I“, ¢) _ / e—i7r|A|/2J|>\|(k,r)ei(qb—l—%rn)Q)\d)\

— o0

e_ik,’,, cos ¢5 . 1 /‘OO (7'(' —+ iy)elk"" cosh y
or ) (m4iy)? — (¢ + 27n)?

dy



Interpretation

Tw(r, ¢) = wave at ¢ after n anticlockwise circuits of the origin.

When the flux line exists, T}, (r, ¢) has to be modified
Tn (T7 ¢) - Tn (T7 ¢)e_ia(¢+2ﬁn)

Exact wave function

U(r.g) = Y Turg)e 2w

n=-—oo

U(rg) = 3 / e TIA2 1 ()= (6427m) gy

n=—oo

Changing A — a — X and using the Poisson summation formula gives

U(r,¢) = » e el (kr)et™?

m=—oo



Two vortices (Stovicek, 1993)

The S-matrix for scattering on 2 solenoids with fluxes « and (3

o

S(Q, 90) — Z S(n) (‘97 00)

n=0

S0, 69) = 5 {1+ exp(2ri(a + 5)}5(0 — o)

1(—1)" : :
S(n) ((9,6)0) _ 1( ) Z i1 cos 0p—icy, cos O

2
Cn,y...,C2,C1
a sin wo nt
v dn 72 e®oTi+¢Tn H . J H Ki(T' _T.)(—ik’l“)
n sinm(o; + i7;) I
j=1 J 77 =1

c; =4a,b}, ¢; #cjt1. For ¢; = a, 0; = a, and for ¢; = b, 0, = (3.
O =2m — 6Oy forci =a, pg=mm—6Ogtorcy =b. p =0 — 1+ 7 for
cn =a, p =0 —mx for ¢, =b. K, (x) is the Macdonald function



Deflection for Aharonov-Bohm scattering
(Shelankov, 1998)

Cross section for the AB-effect is symmetric ¢ — —¢

sin® o

T 27k cos?(¢/2)
One might expect that there is no overall deflection (left-right

o

assymetry) after scattering. Due to singular forward scattering it is
not the case.

y Paraxial representation

w

*

qj( ) keik|x|
— U(x,y) ~ C
- O i

Choose a collimated beam W;,(0,t) = e~ It/ and consider
z| > w2k

ik(y—t)?/2|z|—ira sgn t\Ijin(Oy t)dt




Fraunhofer diffraction

Cylindrical wave (R = v/2? + y?, ¢ ~ y/x)
1
V2mikR

T iktei - + ¢ sin o
F — Lk e iktp—ima sgnt |t|/wdt _ 2¢0 COS T
@=k[ -

\Ij(xv y) — eikRF(¢)

Scattering ” cross section”

2(¢g cosTa + ¢ sinwar)?

(¢ + ¢5)°

When ¢ > ¢ this expression agrees with the usual AB cross section.

o(¢) = RI¥(R, 9)* =

For ¢ < ¢¢ it is asymmetric



Mean angle of deflection

f Po (¢ Qb sin 2mo

A¢ 00 o
[ o(@)de  kw
Y In general
£ A¢ ~ —sin 2mq | ( )| IE
o- kf y)[*dy
U (y) = wave function without the flux

Effective ” Lorentz” force
(&

F=—hsin2rav x €, — —
P—0 C

a=D/Dy, g = —2rwhc/e, ® = [ Hds

U X ¢



S-matrix

At large distances

the incoming wave

Wil 8) = e THL0), fin(6) = e

the outcoming wave

1

\IJOUJG (T7 gb) — We+ikr_iﬁ/4fout(¢)a fout(gb) — Z eim¢ bm
In general, due to the flux conservation
S
7 bm — Z Smnan

with unitary S-matrix



S-matrix for AB scattering

Elementary solution: J,, 1 q((kr)e"?. When r — oo

! g~ ikrtim/4tim|mtal/2 4 1 o Hikr—im/4—ir|m+al/2
V2mkr V2mkr

S-matrix: S,,, = 0, e TImtal

fin(¢) — Zm eim¢am7 fout(¢) — Zm eimd)bma bm — e—i7r|m+a|am

Assuming that the beam is collimated: Y  |am|* < oo

fout (¢) — %sa(¢ - ¢/)fin(¢/)d¢/

.sin o ei0/2
Sa(0) =cosma (0 + w) —1i 5 VP cos(072)

The interference between two terms gives a term ~ sin 27w« and the

mean deflection angle is the same as above.



Billiards with a flux line
Chaotic billiards
Introduction of the flux line changes

the spectral statistics from GOE to GUE
(Berry, Robnik (1986))

Integrable billiard

Analysis of the trace formula

Diffractive orbits
(Sieber (1999))



Pseudo-integrable systems

Diffractive orbits
(E.B., Pavloff, Schmit (2000))
Aharonov—Bohm flux line ot oo
\ Level compressibility
) (E.B., Giraud, Schmit (2002)
x=K(0)=1—-4a(l —a) + 6an(xo/a,yo/b)
For irrational rations n = 1/6

Level compressibility
x=1—4\a(l —a)/n
A =arcsinx +zv1—2? r=d/R

N (L) = number of levels in interval L, normalized that N(L) = L
Level compressibility x = ((N(L) — N(L))?)



Scattering on two Aharonov-Bohm vortices with
opposite fluxes
(E.B., S. Mashkevich, S. Ouvry (2010))

Singular gauge: (A +£?) ¥ =0

e (R, ¢) = f(¢)UH(R, ¢)
: 0 0
o ~ w() _ ()
({97“\1} (R7 Qb) - f(qb) 87“\11 + (R7 Qb)

f(¢) describes the jump along the cut

e?™ ¢ ¢ [, 27]
1, ¢€l0, ]



Expansions

o

\I!(_)(kfr,qb): Z ch|m|(k’r)eim"5

m—=—oo

U (kr, ) = Jy (kr)ell + Z tn (1) H ) (kr)e™

Equations to fulfill
1 1
o (TiHiod = Tt H)") Amntn(®) = =g = T i) A

n| 7|
n=—00

A, = the Fourier coefficients of f(¢)

1 27 ] . o
A = f@)einmrgg = gnad cosme | m=n)
27'(' sin o 1—(—_1) (m ?é n)



Scattering amplitude

| 2 s
\IJH_)(]{?“, q5) N elkrcos(Q—(b) _|_\Pelk'r—1ﬂ'/4F((97¢)
wkr

Standard: et*reos(0=¢) =5~ jlllJ, (kr)eil(#=0)

\If(+)(kr, ) = Z i”'\Ifl(H(k?“, ¢)e—il9 _ ikrcos(0—¢) 4 \Ij(ref)(k,r’ &)

l=—00

Wreh) (kr, @) is the reflected field

oo

oD (kr,g) = Y i, (D H,) (kr)em o
n,l=—oo
The scattering amplitude F'(6, ¢)

F(0,9) = Z ill=Inly, (1)einé—10

n,l=—oo



Numerics for kR =1
Left: « = 1/4, center: a = 1/3, right: v = 1/2

1.5

1 L

|F(0, 0)I°

0.5

0 L L L L L L L L L
-n -©/2 0 w2 wm -n -w2 0 w2 wm -n -m®2 0 w2 =™

o ¢ o

Incident angle # =0

15 ¢

N M |
0 L L L

-T w2 0 w2 ®m -n -w2 0 w2 =wm -m -mW2 0 W2 =

¢ o ¢

|F(/4, m/4+)|

Incident angle 6 = /4.



Small o limit
0 — 6

F(0,0)) — —isinmacot
sin maa—0

o /
sin(QkRsing . 0+9>.

sin
2

N
T

7a\

w
T

|F(0, 6+0)[*Isin’ma
N

-t -m/2 0 /2 T —m -mw2 O /2 n -n -w2 0 /2 T

¢ ¢ ¢

a=.01,kR=1
Left: 8 = 0, center: 0 = 7 /4, right: 0 = 7 /2



Small kR limit

For small x = kR it 1s convenient to introduce

Jji ()
) =~y —um(0)
H|n| ()
They obey
o0 J/ H(l)/ J/ J/
m Amn n ) = — m_ Am
3 (- G ) A== (5 ) 4o

In the limit x — 0O

Jn(@) _Iml  Hy'(x)  —|nl+ 8uop
I (x) 2=0 Hq(@l)(x) z—0 x

with p = 2i/(7 + 2i(In(z/2) + 7))



Final set of equations for unknown y,, (1)

oo

Z (|m‘ - ‘n| o 5n0p)Amnyn(l) — _(|m‘ o m)Aml

n=-—oco

Symmetry y—,,(0) = (—1)"yx(0).

The scattering amplitude is dominated at small z by S-wave y,(0)

F0.0) 3 00) = 25 = 55 o0
0 X

To find y4(0) it is necessary to solve the infinite system of equations.

In the end

/s

FO.0) e~ oim(kR/D) T4 1 Ba))

B(a) is the main quantity of interest.



It is convenient to define for n > 1 z,, = 2y,,(0)/(1 + yo(0)), xo = 1,
§ = 2pyo(0)/(1 +y0(0))

Final set of equations (N — 00)

N N
Z Apin®n = & fm, gﬁcot T = Z rn(1—(=1)")

where
[ Csinwa(l = (=1)™)  cosma(l + (—1)")

2mwm? 4m
¢ is a function of a only, £ = —2/5(«).




Numerical determination of ((«)

Due to power singularities at the vortex locations the convergence
with increasing N is slow (N & 500). General fit

aq ao as ay
{xa+ o+ ety T i

Exact formula

B(o)

1 1 1 —
Bla) = —‘I’(g)-l——\lf<—a)—l—’y+ln4+ ,
2 sin T




Riemann-Hilbert method

o

(—) _ ime
. U (kr, ¢) = Z Cm || (kT)e

¢ m=—0o0

U (kr, ¢) = Jy(kr)ell® + Z t (1) H ) (kr)e™?

When kR — 0, (A +k*)U =0 — A\I/:Oand
( 7¢) LR—0 (Z) + (I)(—Z)

Inside the circle the function ®(z) has to be regular

oo

Ginside) () — Z a. (%)m

m=0



Wave function outside the circle

~ ~ r
i (kr ¢) = 29 (2) + 8 (=2) + pyo(0) In

$H)(z) = ;1—|—yo +Zy ()n

The logarithmic term appears because of the presence of Hél)(k'r)

n (%) = 5l (ig) + 5 (i)
- — -1 — — In —
"\R) T2 UTR) T2 UR
Outside the circle

\IJH_) _ i)(outside) (Z) 4+ i)(outside) (—Z)

with

~ : T 1
(I)(outSIde) (Z) — (I)H_) (Z) -+ EP?JO(O) In <—1%)

() (2) is regular outside the circle but In(—iz) is not



Aharonov-Bohm boundary conditions
Inside and outside functions of variable z (and of —%) are related
G inside) (id) — f(p)Ploutside) (gid)
It is equivalent to

PO) = F(B)ID () + Lyo(0)F(6) In (~ie)

F(@)@ ) (') + pyo(0) f(4)g(¢)

where

p—5 0<o<m
21 ¢-3F m<o¢<2n

Here ®(7)(e!?) and &1 (e!?) are boundary values of functions

holomorphic inside and outside the circle



Non-homogeneous Riemann—Hilbert problem

Find two functions, ®(~)(z) and ®()(z), holomorphic,respectively,
inside and outside a contour such that on the contour (parametrized
by t) they obey

o) (1) = G()2 ™ (t) + g(1)

The solution consists of two steps.
Step one: find solution of homogeneous problem
T (t) = G()TH)(t). Tt reduced to

InTH () —In T (t) = —InG(¢)
whose solution is (/) given by the Cauchy integral

1 In G(t

dt + polynom(z)



It means that
T)(t)
T(+) (t)

and the hon-homogeneous equation takes the form

T(— )(t)
T(H) (¢) ()

G(t) =

(1) = Sy @ (1) + (1)

Divide by T(7)(t)

PO I g
TN - T T TO@

Its solution is again given by the Gauchy integral

O(z) 1 g(t)
T(z) 2w ) (t—2)TO)() dt + polynom(z)

etc.



Exact results

The S- wave function for the scattering on two vortices

oo

0) .
W (r, ¢) = Jo(kr) + Jo(kR) U HY (kr)e™®
: 2 0 k)
When £ER — 0 .
0) = —
) = T
where
B 2i
P= T 2i(In(kR/2) + )
and

Bla) = %\If(%) + %\II(I_TQ) +v+1n4d +

2 SIn o



The generating function of 4, (0) = y_,(0) in the limit kR — 0 is

> 14y 1
Zyn(O)Z = P(z) — 9
n=0

2
where 14 T = J(2)
QQ)_<1—Z>(HD—JW>
and
6= g [ [T e TR (6 5o

Contradict to Y. Nambu (Nucl. Phys. B 579 590 (2000))



Summary

Electromagnetic potentials can be observed in quantum
mechanics even when the fields are zero everywhere except one

point

Scattering on a flux line exists when the flux is not an integer
Collimated beam deflects on a flux line

Flux line inside the billiard may change statistical properties

Scattering on two near-by flux lines can be calculated analytically



